A coin with three states is not necessarily an anomaly. A coin falls on either of its two sides head or tail. However, there is a remote possibility that it may not fall but roll on its edge and get stuck somewhere without falling on either of its sides. This possibility is remote for a classical coin so much so that it is never analyzed. For a three state quantum coin(qutrit), this is a fact. It has three states, period. Playing a Parrondo's game with a qutrit is the subject of this paper. We show that a true quantum Parrondo's game can be played with a 3 state coin in a 1D quantum walk in contrast to the fact that playing a true Parrondo's game with a 2 state coin(qubit) in 1D quantum walk fails in the asymptotic limits.
I. INTRODUCTION
Quantum walks(QW), motivated from classical random walks, have proven to be of great utility in simulating many physical systems [1, 2] as well as in developing better quantum algorithms [3--5] , so as universal computational primitive [6] . Similar to a classical random walk, quantum walk can be described in a one-dimensional lattice with walker starting from the origin however, unlike the classical random walk here the walker is described quantum mechanically by a wavefuntion. Similar to a classical random walk, quantum walks consist of a walker and a coin. In case of classical random walks the walker starts from origin moves left or right according to a coin toss, say if the coin toss yields head the walker moves right otherwise moves left. Probability distribution of the classical random walk in a one-dimensional lattice after n steps is a binomial distribution [7] . In case of quantum walks the walker is a quantum object. The coin corresponding to a quantum walker in case of a two state(head and tail) coin is a qubit. Similar to the classical random walks, in quantum walks if the coin toss yields head the walker moves towards right otherwise left. In addition to head or tail, the coin in quantum case can be in a superposition of head and tail and then walker will move to a corresponding superposition of left and right lattice sites. Probability distribution of the quantum walk is a two peaked distribution peaking around the two edges, which is evidently different from that of classical random walk where peak is at origin [8] . Similar to a quantum walk with two state coin(qubit), one can devise a quantum walk with a three state coin too which is a qutrit. Quantum walks with qutrits have been attempted before in the context of localization [9] and coin eigenstates [10] . Qubits are the quantum analogue for head and tail, similarly qutrit is the quantum analogue of a three state coin with a head, tail and side as shown in the Figure 2 . Similar to the two state coin quantum walk described above, for a three state quantum walk, if the coin lands on its head the walker moves right, if on tails walker moves to left and if the coin falls on side then the walker stays in the same position. In case of classical random walk the walker with three state coin moves toward right when the coin lands on its head, moves left when coin lands on its tail but there is also a small probability that the coin falls on its side, then the coin toss is repeated this is one way of making analogy with the quantum walk with qutrit(three state coin).
The relevance of game theory spreads throughout many scientific fields. Quantum effects introduced to the classical game theory led to the development of quantum game theory, where the probabilities are taken in to account with quantum effects like superposition and interference [11] . Parrondo's games [12] , in its simplest form is a gambling game consisting two games A and B. whose outcome are determined by the toss of a biased coins. When a player plays each of them individually results in losing whereas if played alternatively can result in a winning outcome. This apparent paradox when each of these games is losing when played individually but when played alternately or in some other deterministic or random sequence (such as ABB . . .,ABAB . . ., etc.) can become a winning game is known as Parrondo's paradox. Originally J. M. R. Parrondo devised this paradox to provide a mechanism for Brownian ratchets where a directed motion can be harnessed from Brownian motion. Previous attempt for a Parrondo's paradox with a single coin qubit on quantum walks failed in asymptotic limits [13, 14] . In one of our previous works we showed a genuine quantum Parrondo's paradox in the asymptotic limits not with a single coin but with two coins [15] .In this work our aim is to replicate the quantum Parrondo's paradox in asymptotic limits in a quantum walk not with two coin but with a single three state coin as described above in first paragraph. The paper is organized in the following manner, starting with a brief introduction and motivation, in section II we discuss how Parrondo's games cannot be implemented in asymptotic limits with two state coin quantum walk and then in section III we discuss quantum walks with a three state coin and an implementation of true Parrondo's games in QWs with three state coin is devised. In section IV we discuss the reasons behind why a three state coin delivers a genuine Parrondo's paradox while a two state coin doesn't and then in section V we conclude .
II. PARRONDO'S GAMES IN QUANTUM WALKS WITH A QUBIT (TWO STATE COIN)
In this section we show why the implementation of Parrond's paradox failed in case of quantum walks with a two state coin as shown in [13, 14] . This part is included as a motivation for our next section to implement a true Parrondo's paradox in quantum walks with a three state coin. To understand the reasons behind the failure for seeing a genuine Parrondo's parodox in quantum walks with two state coin is as follows: Two unitary operators U (α A , β A , γ A ) and U (α B , β B , γ B ), representing two games A and B are alternately played according to time,
The quantum walker is in an initial state
, where subscript p refers to the position space and c refers to the single coin space which is initially in a superposition of |0 c and |1 c . The dynamics of the walker is governed by a unitary shift operator (S) acting in the position space defined as,
The games A and B can be played in different sequence, i.e.,
where q is the period and n is an integer. This scheme can produce various game sequences like ABAB . . ., ABBABB . . . etc. The evolution operator can be written as:
with coin operator A = U (−45, 40, 0) and B = U (0, 88, −15) and after N steps the final state is given by |Ψ N = U N |Ψ 0 . As illustrated in Fig. 1 , after N steps, if the probability of finding the walker to the right of the origin P R , is greater than the probability P L to be found to the left of the origin , i.e., P R − P L > 0, then the player wins. Similarly, if P R − P L < 0, the player losses. If P R − P L = 0, it's a draw. Parrondo's games using 1-D DTQW are formulated by making use of above scheme.Two different biased coin operators U A (α A , β A , γ A ) and U B (α B , β B , γ B ) is used to construct the two losing games A and B, for α A = −45, β A = 45, γ A = 0, α B = 0, β B = 88, γ B = −15, i.e., for U A = U (−45, 45, 0), U B = U (0, 88, −15) we obtain the Fig.3 . Individually each of the games is losing(See Figure 3(a),(b) )and for the sequences ABBBABBB . . . the result is winning at the beginning but in the asymptotic limit the player will lose again as in Fig.3(c) , one can check for different sequences like ABAB . . . ABBABB . . . etc. and in all cases in the asymptotic limits we lose. Hence Parrondo's paradox does not exist in case of 1-D DTQW with a two state single coin as established in [13, 14] .
III. TRUE PARRONDO'S GAMES IN QUANTUM WALKS WITH A QUTRIT(THREE STATE COIN)
In this section we define a one dimensional discrete time QW with a three state coin. The position of the walker is defined by a vector in the Hilbert space H P spanned by an orthogonal normal basis {|n : n ∈ Z}. At each position the walker is in a superposition of three coin states. This coin state is a vector in Hilbert space H C with basis states represented by the following orthogonal vectors:
The state of the walker at each time step t ∈ {0, 1, 2 . . .} |ψ t is defined on the Hilbert space H P ⊗ H C , the initial state of the walker at time step t = 0 is
In case of a general walk the position of the walker is shifted by the shift operator S after the coin operator C is operated on the superposition as:
where,
The shift operator is defined in such a way that only when the coin is in the state |0 c or | − 1 c the walker moves else when walker is in state |1 c the walker stays in the same position. The coin operator C is defined as follows: 
This kind of unitary operators are used in particle physics in the density matrix formalism for elementary particles [16] .
Similar to that of two state coin QW scheme discussed in section II, we define an evolution operator as follows:
The above definitions of coin operator, shift operator and evolution operator incorporates the stochastic behavior of the quantum walks with a three state coin. The evolution of the walker after N steps is |ψ N = U N |ψ 0 . Similar to that of the two state coin quantum walks, winning and losing is defined as follows: if the probability of finding the walker to the right of the origin P R , is greater than the probability P L to be found to the left of the origin , i.e., P R − P L > 0, then the player wins. Similarly, if P R − P L < 0, the player losses. If P R − P L = 0, it's a draw. The two coin operators corresponding to the two games A and B are defined as follows:
Here A is operated on time steps t = nq and B is played on time steps t = nq, where q is the period and n is an integer same as discussed in section II. For the choice of α A = π, β A = π/2, γ A = π, θ A = π, α B = π/2, β B = π/2, γ B = 3π/2, θ = π/2 as shown in Eq.11 we obtain the Fig.4 . When game AAAA... and BBBB... are played it results in losing(See Figs.4(a),(b) ), whereas when they were played in the sequence ABAB . . . we obtain Fig.4(c) where we get a winning outcome. Thus unlike in two state coin, in case of a three state coin in asymptotic limits we obtain a true Parrondo's paradox. (|0 c +|1 c −i|−1 c) with coin operator A = C(π, π/2, π, π) b) PR−PL for the sequence BBBB . . . with initial state |0 p⊗ 1 √ 3 (|0 c+|1 c−i|−1 c) with coin operator B = C(π/2, π/2, 3π/2, π/2) c) PR − PL for the sequence ABAB . . . with initial state |0 p ⊗ 1 √ 3 (|0 c + |1 c − i| − 1 c) with coin operator A = C(π, π/2, π, π) and B = C(π/2, π/2, 3π/2, π/2) for 500 steps
IV. DISCUSSION
When a two state coin(qubit) was considered the Parrondo's games did not give rise to the paradox in asymptotic limits (Fig.3) whereas when a three state coin is used for quantum walks we obtain a true Parrondo's paradox. In order to obtain a true Parrondo's paradox a three state coin is needed. In Refs. [13, 14] it was shown that in asymptotic limits for a two state coin the paradox does not exist. To identify the reasons for the success of three state coin as compared to a two state coin we study the influence of the initial state in the Parrondo's games. Consider an initial state given as:
This is different from the initial state Eq.5, for the same shift S (Eq.7) defined as in Section III we now obtain the Figure.5 for initial state Eq.12. It is clear that the new initial state does not give us a paradox, when the games are played in sequence ABAB . . .(See Figure 5(c) ). This implies that the initial state plays an crucial role in the Parrondo's games, with a different initial states one may or may not obtain a true Parrondo's paradox.
Now we consider the influence of the shift operator. Using a different shift operator for the same initial states as in (|1 c +|0 c −|−1 c) with coin operator A = C(π, π/2, π, π) b) PR−PL for the sequence BBBB . . . with initial state |0 p ⊗ 1 √ 3 (|1 c +|0 c −|−1 c) with coin operator B = C(π/2, π/2, 3π/2, π/2) c) PR − PL for the sequence ABAB . . . with initial state |0 p ⊗ 1 √ 3 (|1 c + |0 c − | − 1 c) with coin operator A = C(π, π/2, π, π) and B = C(π/2, π/2, 3π/2, π/2) for 200 steps Section III. Here we define a new shift S 1 -
FIG. 6. a) PR−PL for the sequence AAAA . . . with initial state |0 p ⊗ 1 √ 3 (|1 c +|0 c −i|−1 c) with coin operator A = C(π, π/2, π, π) b) PR−PL for the sequence BBBB . . . with initial state |0 p⊗ 1 √ 3 (|1 c+|0 c−i|−1 c) with coin operator B = C(π/2, π/2, 3π/2, π/2) c) PR − PL for the sequence ABAB . . . with initial state |0 p ⊗ 1 √ 3 (|1 c + |0 c − i| − 1 c) with coin operator A = C(π, π/2, π, π) and B = C(π/2, π/2, 3π/2, π/2) for the shift operator S 1 defined in Eq. 13
The shift operator defined as in Eq. 13 with one wait state also gives us a Parrondo's paradox after around 200 steps(almost asymptotic limit) as in Fig.6 . One can see that the change in shift operator has changed the behavior of the Parrondo's games, here the yield of the player is changing. Now if we consider the shift operator S 2
where the state | − 1 is the wait state, we obtain the Fig.7 . Here the game sequence AAAA . . . gives us a draw and the sequence BBBB . . . provides a winning outcome whereas the the ABAB . . . sequence gives us a losing outcome, which is also a paradox with a role reversal with the definitions of win and loss from Fig.1 is reversed. Thus we can conclude that the change of shift operator does not affect the paradox but only the yield of the player. It is the initial three state which is the reason for obtaining a genuine Parrondo's paradox.
V. CONCLUSION
Earlier attempts using a single two state coin failed in asymptotic limit [13, 14] . Here with the aid of a three state coin(qutrit) we successfully implemented a true Parrondo's paradox(See Fig. III) . Quantum Parrondo's games play (|1 c +|0 c −i|−1 c) with coin operator A = C(π, π/2, π, π) b) PR−PL for the sequence BBBB . . . with initial state |0 p⊗ 1 √ 3 (|1 c+|0 c−i|−1 c) with coin operator B = C(π/2, π/2, 3π/2, π/2) c) PR − PL for the sequence ABAB . . . with initial state |0 p ⊗ 1 √ 3 (|1 c + |0 c − i| − 1 c) with coin operator A = C(π, π/2, π, π) and B = C(π/2, π/2, 3π/2, π/2) for the shift operator S 1 defined in Eq. 14 an important role in quantum ratchets, providing a mechanism for a particle to transport against an applied bias, quantum analog for Brownian ratchets. Different kinds of quantum walks and its applications can help the community in better understanding and for developing new quantum algorithms.
